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1 Introduction 



Many models in D dimensions, with D/2 odd, contain chiral bosons i.e. p-form gauge 
fields (scalars in D = 2) with self-dual or anti-selfdual field strength. The description 
of the dynamics of such theories through Lorentz-invariant actions has been an unsolved 
problem for long time JIJ. Previous attempts to face this problem were based on non 
manifestly covariant actions 0, || or on formulations involving an infinite set of auxiliary 
fields [Q. On the other hand Siegel's approach to two dimensional chiral bosons || admits 
only rather problematic extensions to D > 2 |22| . 

Recently a new manifestly Lorentz-invariant approach |], [7], |8| for chiral p-forms in 
D = 2{p+ 1) with p even has been proposed. This approach is based on a single auxiliary 
scalar field and allows to write actions which are manifestly invariant under Lorentz 
transformations and under two new bosonic local symmetries. The gauge fixing of these 
symmetries allows to remove the auxiliary field and to eliminate half of the physical 
degrees of freedom of the p-form so that its field strength becomes (ant)-selfdual in the 
free case, or satisfies a generalized selfduality condition in the interacting case. Moreover, 
this approach reproduces on one hand, through an appropriate gauge fixing, the non 
manifestly covariant approach of || and it is, on the other hand, related to the approach 
in |4| in that it provides a consistent truncation of its infinite set of auxiliary fields. 

The new approach has been first introduced in || to reformulate the four-dimensional 
Maxwell theory without sources in such a way that its invariance under electric/magnetic 
duality and under Lorentz transformations is manifest; the coupling to electric and mag- 



netic sources was performed in JTT|. The approach allowed also to rewrite the heterotic 
string effective action of |12] in a form such that duality symmetry is manifest |K|- The 
method appeared also perfectly suitable |6|, |7| for providing lagrangian formulations for 
theories with chiral p-forms. It has been used, in particular, to obtain a manifestly 
Lorentz invariant and K-invariant action for the eleven-dimensional M-theory five-brane 
[U and to obtain a new formulation for Green-Schwarz heterotic strings which involves 



chiral bosons instead of heterotic chiral fermions 13 



An equivalent non-manifestly covariant formulation of the M-theory five-brane has 
been given in 



This theory has also been worked out in [15] on the basis of a purely geometrical doubly 
supersymmetric approach which does, however, not furnish a Lagrangian formulation but 
only the equations of motion. Subsequently in ref. [l6j it has been shown that this 
formulation, at the level of the field equations, is equivalent to the ones presented in || 
and 0. 

The coupling of all these models with chiral bosons to gravity can be easily achieved 
since the approach is manifestly covariant under Lorentz transformations; as a conse- 
quence it is obvious that the two above mentioned bosonic symmetries, which are a 
crucial ingredient of the new approach, are compatible with diffeomorphism invariance. 
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Therefore, to establish the general validity of the approach, it remains to establish its 
compatibility with global and local supersymmetry. This is the aim of the present paper. 

Chiral p-forms are, in fact, present in many supersymmetric and supergravity models 
in two, six and ten dimensions. The covariant action for the bosonic sector of D = 10, 
IIB supergravity has already been described in |L7| . 

The problem we address is if one can deduce the dynamics of supersymmetric mod- 
els with chiral bosons from supersymmetry invariant actions which respect also the new 
bosonic symmetries of the covariant approach. There is already some evidence that super- 
symmetry is compatible with the new bosonic symmetries in a rather natural way. Indeed, 
on one hand in refs. || |18| a four dimensional model has been considered where these 
bosonic symmetries and rigid supersymmetry are both simultaneously present: this was 
obtained by a simple modification of the supersymmetry transformations of the fermions, 
which vanishes on-shell. On the other hand, in the M-five-brane action invariance under 
^-symmetry was achieved in a very natural way. 

The present paper deals, in particular, with the problem of constructing covariant 
actions for supersymmetric and supergravity models with chiral bosons in six dimensions. 

In six dimensions there are four kind of multiplets: the supergravity multiplet, the 
tensor multiplet, the vector multiplet and the hyper multiplet. The supergravity multiplet 
and the tensor multiplets contain a chiral two-form with anti-selfdual and selfdual field 
strength respectively. The on-shell supersymmetry transformation rules as well as the 
field equations for these supermultiplets are well known [19|]. Moreover, in |2l| the group- 
manifold action for D = 6 pure supergravity has been obtained. Usually the group 
manifold action, when restricted to ordinary space-time, gives rise to an action for the 
component fields which is invariant under supersymmetry. In the presence of chiral bosons, 
however, the component action obtained in this way fails to be susy invariant. Proposals 
for covariant actions for pure supergravity in D = 6 have been made in [E2J, which 
constitutes a generalization of Siegel's approach || from two to six dimensions, and in 
[ 2^| where a harmonic superspace lagrangian approach is used, which involves, however, 
an infinite number of auxiliary fields. The same kind of problems arises also in D = 10, 
IIB supergravity which involves a four-form with selfdual field strength^ 

In the present paper we shall show that the new covariant approach for chiral p-forms 
allows to obtain in a natural and elegant way, covariant and supersymmetric actions for 
six dimensional models with chiral bosons which involve the supergravity multiplet and/or 
tensor multiplets. For completeness in section two we review the covariant approach for a 
chiral two-form in six dimensions. In section three we illustrate our technique for writing 
supersymmetric covariant actions with chiral bosons in the case of a single free tensor 
multiplet in flat space. This simple example appears rather instructive in that it exhibits 



i 



Also for D = 10, IIB supergravity the on shell susy transformation rules and the field equations are 
well known 1 25 and a group manifold action exists p6[ ; an action based on the Siegel approach has been 
proposed in ref. (22|. 
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all principal features of our technique. Along the lines of this example we construct 
in section four the action for pure N — 1, D — 6 supergravity and present in section 
five the action for the more general case of N — 1, D — 6 supergravity coupled to an 
arbitrary number, n, of tensor supermultiplets. The couplings of these multiplets with 
hypermultiplets and vector multiplets will be briefly discussed in the concluding section 
six. 

The general strategy developed in this paper extends in a rather straightforward way to 
two and ten dimensions. Particularly interesting is the case of II B, D = 10 supergravity 
whose covariant action we hope to present elsewhere. 

2 Chiral bosons in six dimensions: the general method 

In this section we present the method for a chiral boson in interaction with an external 
or dynamical gravitational field in six dimensions. To this order we introduce sechsbein 
one-forms e a = dx m e m a (x). With m,n = 0, ... ,5 we indicate curved indices and with 
a, b = 0, . . . , 5 we indicate tangent space indices, which are raised and lowered with the 
flat metric i] ab = (1, — 1, • • • , — 1). We define the tangent space components of a generic 
p-forms, (f) p , according to 

pi 

where the wedge product between forms here and in the following will always be under- 
stood. 

To consider a slightly more general self-duality condition for interacting chiral bosons 
we introduce the two-form potential B and its generalized curvature three-form H as 

H = dB + C = l-e a e b e c H cba , 

where C is a three-form which depends on the fields to which B is coupled, such as the 
graviton, the gravitino and so on, but not on B itself. The free (anti)self-dual boson will 
be recovered for C = and e m a = 5 m a . 

The Hodge-dual of the three-form H is again a three-form H* with components 

H-abc = 7^ e abcdefH de f . 

The self-dual and anti self-dual parts of H are defined respectively as the three-forms 

= -(H ± H*). 

The equations of motion for interacting chiral bosons in supersymmetric and supergravity 
theories, as we will see in the examples worked out in the next sections, are in general of 
the form 

// ± = 0, (2.2) 
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for a suitable three-form C whose explicit expression is usually determined by supersym- 
metry. 

To write a covariant action which gives eventually rise to fl2.2|) we introduce as new 
ingredient the scalar auxiliary field a(x) and the one-forms 

u = da = e a u a (2.3) 

v = —= u = e a v a . (2.4) 
v — u 

In particular we have v a = and v a v a — — 1. Using the vector v a to the three-forms 
H, H* and H we can then associate two-forms h, h* and h^ 1 according to 

hat, = v c H abc , h = ^e a e b h ba , 

and similarly for h* and h ± . 

The action we search for can now be written equivalently in one of the following ways 



St = ±J [v^H + -dBC\ 



= ± J (vh^H + l -HC 
= J d 6 x^g (^H abc H abc + \h^ b h ±ah ) ± j \dBC 
= 1 / d 6 x^h* ab (h* ab ± h ab ) ± J l -dBC. (2.5) 

Sq will describe anti self-dual bosons (H + = 0) and Sq self-dual bosons (H~ = 0). The 
last term, / dBC, is of the Wess-Zumino type and is absent for free chiral bosons. 

What selects this form of the action are essentially the local symmetries it possesses. 
Under a general variation of the fields B and a it varies, in fact, as 

5 = ±2 J (^vh ± d5B + -jL=h ± h ± d5a ] J . (2.6) 

From this formula it is rather easy to see that SS^ vanishes for the following three bosonic 
transformations, with transformation parameters A and ip, which are one-forms, and (p 
which is a scalar: 

J) 8B = dA, 5a = 

II) SB = ^=?V?, 5a = ip 

v — u 

III) 5B = ipda, 5a = 0. (2.7) 

The transformation I) represents just the ordinary gauge invariance for abelian two- 
form gauge potentials. The symmetry //) implies that a(x) is an auxiliary field which 
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does, therefore, not correspond to a propagating degree o freedom^. Finally, the symmetry 
eliminates half of the propagating degrees of freedom carried by B and allows to 
reduce the second order equation of motion for this field to the desired first order equation, 
i.e. Q2.2|) . To see this we note that the equations of motion for B and a, which can be 
read from fl2.6|) , are given respectively by 

= (2.8) 
= 0. (2.9) 

First of all it is straightforward to check that the a-equation is implied by the -B-equation, 
as expected, while the general solution of the .B-equation is given by 

vh* = ^dipda, (2.10) 

for some one-form if). On the other hand under the transformation ///) we have 

5 (vh^ = -dipda 




which is precisely of the same form as ( |2.10| ). Therefore we can use this symmetry to 



reduce the -B-equation ( |2.8| ) to vft^ = which amounts to = 0, and this equation, 
in turn, can be easily seen to be equivalent to H ± = 0, which is the desired chirality 
condition. 

This concludes the proof that the actions describe indeed correctly the propagation 
of chiral bosons. 

In a theory in which the B field is coupled to other dynamical fields, for example in 
supergravity theories, we can now conclude that the complete action has to be of the form 

S — Sq -\- Sq, 

where Sq contains the kinetic and interaction terms for the fields to which B is coupled. 
To maintain the symmetries I)— III) one has to assume that those fields are invariant 
under these transformations and, moreover, that Sq is independent off the B and a fields 
themselves. 

For more general chirality conditions describing self-interacting chiral bosons, like e.g. 
those of the Born-Infeld type, see ref . . 

To conclude this section we introduce two three-form fields, K ± , which will play a 
central role in the next sections due to their remarkable properties. They are defined as 

K ± =H + 2vh T (2.11) 

and are uniquely determined by the following peculiar properties: 

5 Notice however that, since the action becomes singular in the limit of a vanishing or constant a(x), 
the gauge da(x) = is not allowed. 
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i) they are (anti) self-dual: K ±# = ±K ± ; 

ii) they reduce to H ± respectively if H T = 0; 

iii) they are invariant under the symmetries /) and ///), and under II) modulo the 
field equations (|2.8|) . 

These fields constitute therefore a kind of off-shell generalizations of H . 

3 The action for a free N = 1, D = 6 tensor multiplet 

In this section we illustrate the compatibility of the general method for chiral bosons 
with supersymmetry in a simple example i.e. the one involving only one free tensor 
super multiplet in flat space-time in six dimensions. The strategy developed in this case 
admits natural extensions to more general cases as we will see in the next two sections. 

An N = 1, D = 6 tensor supermultiplet is made out of an antisymmetric tensor 
a symplectic Majorana-Weyl spinor X a i (a = 1, . . . , 4; i — 1, 2) and a real scalar <p. For 
more details on our spinor conventions, see the appendix. The equations of motion for 
this multiplet and its on-shell susy transformation rules are well known. The scalar obeys 
the free Klein-Gordon equation, the spinor the free Dirac equation and the 5-field the 
self-duality condition 

H = 0, 

where H = dB, which means that in this case we have C = 0. 

The on-shell supersymmetry transformations, with rigid transformation parameter £ m , 
are given by 

= 

5^B ab = -Cr^Xi. (3.1) 

The USp(l) indices i,j are raised and lowered according to Ki = e^K^K 1 = —e^Kj, 
where e 12 = e 12 = -e 21 = -e 21 = 1, 0. 

Since the equations of motion are free our ansatz for the action, which depends now 
also on the auxiliary field a, is 

S = S +S 6 = - J vbTH + ^fd 6 x (AT a <9 a Ai + <9 a 0<9>) . (3.2) 

This action is invariant under the symmetries I)-III) if we assume that <p and A are 
invariant under these transformations. 

For what concerns supersymmetry we choose first of all the transformation for a 

5^a = 0, 
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which is motivated by the fact that a is non propagating and does therefore not need a 
super symmetric partner. Next we should find the off-shell generalizations of (|3.1|) . For 
dimensional reasons only 5^X allows for such an extension. To find it we compute the susy 
variation of Sq , which depends only on B and a, as 



5 ( S = -2 J vh-d5 ( B = - J K+dS^B 



in which the self-dual field K + , defined in the previous section, appears automatically. 
Since 5%Sq should be cancelled by 5S$ this suggests to define the off-shell susy transfor- 
mation of A by making the simple replacement H + — > K + , i.e. 

^ -> s& = (v a d a <p + ^r<^+ c ) 6- 

With this modification it is now a simple exercise to show that the action ( |3.2|) is indeed 
invariant under supersymmetry. The relative coefficients of the terms in the action are 
actually fixed by supersymmetry. 

The general rules for writing covariant actions for supersymmetric theories with chiral 
bosons, which emerge from this simple example, are the following. First one has to 
determine the on-shell susy transformations of the fields and their equations of motion, 
in particular one has to determine the form of the three-form C. The off-shell extensions 
of the susy transformation laws are obtained by substituting in the transformations of the 
fermions H ± — > K ± . The action has then to be written as Sq + Sq where the relative 
coefficients of the various terms in Sq have to be determined by susy invariance. The field 
a, finally, is required to be supersymmetry invariant. 

An essential step in this procedure is the determination of the susy transformation 
laws and equations of motion for the fields. This can generally be done most conveniently 
using superspace techniques, especially in the case of supergravity theories, like the ones 
in the subsequent sections. Here we illustrate the procedure by rephrasing the results in 
( |3.1| ) in a (flat) superspace language. We follow here the superspace conventions of ref. 
M\ to which we refer the reader for more details on our notations. 

One introduces the supervielbeins e A = (e a ,e m = cM" 1 ), which are one-sup erf orms, 
and the three-superform A = dB where now B is a two-superform and d = e a d a + e ai D ai 
is the superspace differential. The superspace torsion is the one-form T A = de A and a 
generic p-superform allows a decomposition analogous to ( |2.1| ) with e a — > e A . 

Then one imposes the rigid superspace constraints 

T a = _ e i T a 6h (33) 

T ai = 0, (3.4) 
A-aipj^k = 0, (3-5) 

Aaai/3j = — 20£y(r o ) a/ g (3.6) 



and solves the Bianchi identity 



dA = 0. (3.7) 
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The solution gives 
and 



= A = leVe^ - (eT aei ) e a - |e 6 e a (eT ai A) (3.8) 



D ai \f3j = Eij [v a a pd a (j) - —(T abc ) a pH^ bc j . 

if- 6c = 0. (3.9) 

The lowest components (obtained at •& = dd = 0) of the superfields 0, A a j and B are 
respectively the scalar, spinor and tensor component fields of the supermultiplet. Notice 
also that the Bianchi identity ( |3.7| ) forces the tensor B to be on-shell. In fact, taking the 
d = dd = component of ( |3.8| ) the last two terms go to zero and the last equation in 
( |3.9| ) becomes simply H~ = 0, where now H = dB in ordinary space; here we retrieve the 
result C — 0. 

In superspace formalism the supersymmetry transformation of a superfield is given by 
its Lie derivative along the vector field £ = ^ at D a i. The transformation of the component 
fields is just obtained by performing the superspace Lie derivative and setting finally 
fl = dd = 0. Using this one can read the transformations ( |3.1| ) directly from the spinorial 
derivatives given in (pT 



4 The action for pure N = 1, D = 6 supergravity 

The supergravity multiplet in six dimensions contains the graviton, a gravitino and an 
antisymmetric tensor with anti-selfdual (generalized) field strength. The graviton is de- 
scribed by the vector-like vielbein e a = dx m e m a , the gravitino by the spinor-like one-form 
e m = dx m e m ai and the tensor by the two-form B. We introduce also the Lorentz con- 
nection one-form u ab = dx m uj m ab in order to implement a first order formalism. As 
outlined at the end of the previous section we promote these forms to superforms and 
define super-torsions and super-curvatures as 

T a = De a = de a + e b uj b a , 
T ai = De ai = de ai + -e pi {Y ab ) p a u ab , 

R ab = duo ab + uo ac u b 
A = dB. (4.1) 

The standard constraints read now 

T a i/3j a = — 2eyr*0 (4-2) 
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T ab c = (4.3) 
Kifijik = ( 4 - 4 ) 

Aaaifij = — 2%-(r o ) aj 3, (4-5) 

and the solution of the relevant superspace Bianchi identities leads to the following 
parametrizations of these torsions and curvatures: 

T a = _ e i T a 6h ( 46 ) 
T ai = \e pi e a {T bc )^H- bc + l -e a e b T ba a \ (4.7) 

o / 

R ab = \e l T c e,H- bc - e m e c [(r c ) a/3 T afe f - 2(r [o ) a/3 T 6]c f] + ^e d e c R cdabl (4.8) 
dfl = 4 = A e a eV# cba - (eT a e 4 ) e a . (4.9) 

The constraint of a vanishing purely bosonic torsion T abc is, in general, conventional in 
that, through a redefinition of the connection, it can be set equal to any tensor. Sometimes 
it is more convenient, in fact, to have T abc ^ 0, see e.g. P^fl . In the present case, however, 
having T abc = constrains u) m ab to be the usual super-covariant connection which depends 
only on the graviton and the gravitino; it has, in particular, no spurious dependence on 
B. This implies, in turn, that the covariant derivatives are automatically invariant under 
the bosonic transformations and, to maintain those symmetries, one has to avoid 

in Sq only the explicit appearance of B. 

The A-Bianchi identity implies, in particular, also the 5-equation of motion 

Ht bc = 0. 

Due to (f4.9|) this implies, in ordinary space-time, H + = 0, where now 

H = dB+ (eT a e,) e a = ^ e a e b e c H cba . 
This means that in this case the three-form C is non vanishing being given by 



C= (e i T a e i )e a . (4.10) 



The supersymmetry transformations of e a , e m , u ab and B can obtained as (covariant) 
Lie derivatives of these forms along the local superspace vector £(x) = ^ ai {x)D ai and, 
therefore, they can be read directly from 



S^ e a = i{T a = -2CT a ei , (4.11) 

S^e ai = Dr + li T m = Dr -\e i e a (T bc )fK- bcl (4.12) 

o 

6^ ab = z f i? afe = er c e^- fe -re c ((r c )^T ab f-2(r [a ) a/3 T b]c f), (4.13) 

S^B = i^A = -2(£T a ej)e a , (4.14) 

5^a = 0. (4.15) 
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In these relations, according to our general rule, we made already the replacements 
Habc ~^ K-abc ~ which occur, in fact, only in the gravitino transformation in that the 
connection u a b is not an independent field but depends on the graviton and the gravitino 
- and we added the trivial transformation law for the auxiliary field a. 

As it stands, this trivial transformation law does not seem to preserve the susy algebra 
in that the commutator of two supersymmetries does not amount to a translation. On the 
other hand it is known that the supersymmetry algebra closes on the other symmetries of 
a theory; in the present case it is easily seen that the anticommutator of two susy trans- 
formations on the a field closes on the bosonic transformations II). It is also interesting 
to observe that the new terms in the susy transformations of the gravitino are exactly the 
ones that ensure the closure of the total symmetry algebra on the -B-field, and again susy 
closes on the transformations //)[]. 

The covariant action for pure N = 1, D = 6 supergravity can now be written as 

S = S+ + Jl 6 (4.16) 

S+ = J [vh + H + ^dBC^J (4.17) 

L 6 = ^e ai ... a6 e 0l e^e^e^i^ a8 -ie ai e aa e aa peT aia9a3ei ). (4.18) 

The three-form C is given in eq. ( |4.10| ) and for convenience we wrote the term Sq as an 
integral of a six-form, L 6 . This six-form contains just the Einstein term, relative to the 
super-covariantized spin connection, and the kinetic term for the gravitino. The relative 
coefficients are fixed by susy invariance, see below. In this case Sq contains also the 
couplings of B to the gravitino and the graviton. 

This action is invariant under the symmetries I)-III) because L 6 does not contain B 
and we assume the graviton and the gravitino to be invariant under those transformations. 

The evaluation of the supersymmetry variation of 5* is now a merely technical point. 
The variation of J(vh + H) has to be computed "by hand" while the variation of the 
remaining terms, which are forms, is most conveniently evaluated by lifting them to 
superspace, performing their superspace differential and taking the interior product with 
the vector £. The results are 



6zS+ = J faR + -(CT a e t )e b e c K^ K~ - - J ^ (RC) (4.19) 
S(Jl 6 = J i^dL 6 = ji^ {^RC - ^e°e 6 e c (T i r a6c T i )^ . (4.20) 



Here we defined 

R = dC = 2(T i T a e i )e a , 
and the parametrization of T % = De % is given in ( f4.7| ) (with H~ bc — ► K~ bc ). 



D We thank D.Sorokin for these remarks. 
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We see that the susy variation of Sq depends on B only through the combination K~ 
justifying again our rule for the modified susy transformation rules for the fermions. 
The susy variation of the total action becomes then 

8 e S = J ^R+^T a e t )e b e c K: bc }j K~ — < ^e a e b e c (i £ T i )Y abc T i 

and is easily seen to vanish using the expression for %(T % given in (|4.12|) . 



5 N = 1 supergravity coupled to n tensor multiplets 

As last example we consider the case in which the supergravity multiplet is coupled to an 
arbitrary number n of tensor multiplets. This situation arises, for example, in M-theory 
compactified on (K3 x S 1 )/Z2 |20| and, until now, for this system a covariant lagrangian 
formulation did not exist. The purpose of this section is to fill this gap. For simplicity we 
will disregard vector and hypermultiplets. 

The field equations for supergravity coupled to an arbitrary number of tensor multi- 
plets have been obtained in |19|]. For a recent account see ref. [p8|| , where this system 
has been generalized to include hypermultiplets and vector multiplets, see also [0. For 
what concerns the geometrical aspects involved in this system we will follow basically the 
notations of . 



The supergravity multiplet is described as before by the vielbein one-form e a , the 
gravitino one-form e at and by the two-form B. The n tensor supermultiplets are com- 
posed by n two-forms B-, n symplectic Major ana- Weyl spinors and by n scalars (jA 
(a — 1, . . . ,n) which parametrize as local coordinates the coset space SO(l,n)/SO(n). 
The indices m = (1, . . . , n) span the fundamental representation of SO(n). The two-form 
of the supergravity multiplet and the n two-forms of the tensor multiplets are collectively 
denoted by B 1 , where the indices I, J — (0,1, ... ,n) span the fundamental representation 
of SO(l,n). 

A convenient way to parametrize the coset geometry is to introduce the SO(l, n) group 
element L(<f>) = (L 7 ,L^) and its inverse = (Li,Lj-\ which are local functions on 

the coset space and obey 

L% = 1, L I m L I = = L I Lf, L^Lf^Sg. (5.1) 

The coset connection A^— „,(</>) and the coset vielbein V^— (0) are defined by 

DjJf = djJf + Aa—nLj = VJ^Lj, (5.2) 

daLj = VJ*L Im . (5.3) 

These relations imply also that 

Vu = -LiLj + LfL Jm (5.4) 
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is the constant Minkowski metric of SO(l,n). It is also convenient to define the matrix 

Gu{<t>) = LjLj + LfL Jm (5.5) 

which is a local function on the coset. 

The above relations imply, in particular, that the coset manifold is a maximally sym- 
metric space with constant negative curvature. This property of the manifold ensures, 
ultimately, the supersymmetry of the equations of motion and the closure of the susy 
algebra p| . 

It is also convenient to introduce for any SO(l,n) vector W 1 its components W = 
LjW 1 and = LfW 1 . 

The equations of motion and susy transformations can now be derived through the 
superspace techniques outlined in the previous sections. In addition to the super-torsion 
we introduce n + 1 two-superforms B 1 and their supercurvatures A 1 = dB 1 and impose 
the constraints 

T a i/3j a = — 2£j ? T^ (5-6) 
T ab c = (5.7) 

A-iaipj = -2£ijL / (r a ) Q , /3 . (5.9) 

The solution of the torsion Bianchi identities and of dA 1 = leads now to the parametriza- 
tions 



T a = _ e i T a e u (5.10) 

1 

— ( 

2 



T°* = e^e a ( ZSfVaj + {T ab ) /3 a V b j i + W (T bc ) ^ A'A + \e a e b T ba ai ,(5.11 



R ab = ie-e«(^(r c ) Q/3 A- b -4(r abc ) Q/3 K 



- e m e c ((r c ) Q/3 T ab f - 2(r [a ) Q/3 T 6]c f) + ^e d e c R cdabl (5.12) 

dB^A 1 = ie a eVAL-(eT a e J )e a L / + ^e 6 eV(r afc )AfL^, (5.13) 
D<fA = e l \fVr^ + e a D a ^ (5.14) 
DXf t = -ef {{n^D^V^+^T^^A^+e-D^. (5.15) 

Here the n fermions in the tensor multiplet are represented by the superfields A^ = 
Dai^V^ and we defined 

Ki = -^Afr a A im . (5.16) 
According to our convention above we have also A abc = LjA 1 ^ and A^ c = Lj-A 1 ^. 
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Most importantly, the closure of the susy algebra imposes also the (anti)-selfduality 
equations of motion 

A% = (5.17) 

A-tbc = vKniTabc)^- (5.18) 



Due to (|5.13|) these equations amount to 



H—~ = (5.19) 
H + = 0, (5.20) 

where the generalized curvatures H 1 are defined, now in ordinary space, as 

H 1 = dB^C 1 , (5.21) 
C 1 = ((eT a e,K - l e a e b e c (A^r cfea Af )) L 1 - \e a e\e'T ba Xf )L r m (5.22) 
= CZZ + C 2 ^. 

Introducing now again a single auxiliary field a and the related vector v a as in section 
two, we define the n + 1 two-forms h 1 , which replace the two-forms h introduced in the 
preceding sections, as 

h 1 = \e a e b h[a (5-23) 
Ha = ^(h^-^GkjH^) (5.24) 
= ^(L'H^ + L^H^). (5.25) 

The three-forms K 1 , corresponding to K , are then given by 

K 1 = H I + 2vh J . 

Their components along Li and Ly satisfy identically the (anti)-selfduality conditions 

K* = -K, K m * = K— 

and reduce respectively to H~ and H— + if the (anti)-selfduality conditions ( |5.19|) and 
(|5.20| ) are satisfied. The off-shell susy transformations are now obtained from ([5.10 )- 



(|5.15 ) in the usual way with the replacements 

A a bc ~~ * Kabc, — > K~^ c . (5.26) 
The covariant action for this system can now be written again in the form 

S = S + \u (5.27) 
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where 



S = - Jvufvh'H- 1 + Wc J ) (5.28) 
vhH + -HC) - (vh m H^ + -H m C^ (5.29) 



and 



2 J \ — 2 



J_ ai a 2 a 3 C14, r>a 5 a 6 _ \ p a\ a% az ( n p «p p.^-L 

/lo a l"' a 6 o ^J-^o j. a\a2az^t ) ~ 



+ e ai ... a6 (— -Q 6a g 6 ^ (-D0- - e^AfK^Q^J + 

" ^%7^e ai • • • e a4 (eT a5ae A im )(Dc^4^ - e J Af ) + 
2 4! 

- 16^pe ai ■ ■ • e a «V hij V Ui - ±e°* ■ ■ ■ e a \e l Y am ^)V a , ir (5.30) 

In L 6 there are no quartic terms in the gravitino because the unique term which 
respects all the symmetries would be T a T h E a E\ } and this vanishes due to the cyclic gamma 
matrix identity in six dimensions. The relative coefficients of the various terms are fixed 
by susy, see below. The field Qhg_ is an auxiliary field which has been introduced in order 
to write L 6 as a six-form. Its equation of motion gives e b Qf = Dip- — e l AfH^ and, upon 
substituting this back in / L 6 , one obtains the usual super-covariantized kinetic term for 
the scalars in the tensor multiplet. 

Since under a generic variation of B 1 and a one has 

5S = -2 J rju (vh T d5B J + -jL=h I h J d8a ] j , (5.31) 

Sq is now evidently invariant under the bosonic symmetries I)-III) which in the present 
case take the form 

I) 5B 1 = dA 1 , 5a = (5.32) 

oh 1 

II) SB 1 = ^=<^, 5a = <p (5.33) 

V — u 2 

III) 5B 1 = iptda, 5a = 0. (5.34) 

Under these transformations / L 6 is trivially invariant. 

From (|5.31|) one sees that the equations of motion for B 1 become in this case d{vh T ) = 
which, by fixing the symmetries III), can be reduced to h 1 = and these last equations 
correspond just to ( |5.19| ) and (|5.20|) (see (|5.25|) ). The a-equation of motion is again a 
consequence of the £? 7 -equations. 

The supersymmetry variation of the action can be computed as in the previous section: 

SeSo = -Jvu (kR 1 + ^T^eVi^) K J + 
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+ ^JitfajR'C^ + tf^KKrn, (5.35) 
8% I L G = / i^dL e . (5.36) 



Here we defined the four-forms 

R 1 = dC 1 . 

The variation of Sq depends on B 1 again only through K 1 and, with respect to the 
expression found in ( |4.19| ), there is an additional term, proportional to X m which comes 
from the self-interactions of the tensor multiplet. The action Sq depends on the geometry 
of the coset manifold, in fact, only through the matrix Gu (see eqs. ( |5.23|) , (|5.24|) ). Since 

dG u = 2DcjPV mk {LfL J + LjVj) (5.37) 

we have 

S^Gu = 2C\f{L Im Lj + LjL JlR ) (5.38) 

and this leads to the additional term in S^Sq. 

The explicit expressions for R 1 = dC 1 and dL 6 can be obtained using ( |5.10| )- (|5.15| ), 



with the replacements (|5.26|) , and with a long but straightforward calculation one can show 
that 8%S indeed vanishes. The explicit expression for R 1 can be found in the appendix. 

6 Concluding remarks 

In this paper we analyzed, in the framework of the approach of || [7|, ||, supersymmetric 
and supergravity models with chiral bosons in six dimensions, and, outlining a general 
procedure, we wrote covariant and supersymmetric actions for some of these models. 
All these actions have the structure of fl2.5|) and are invariant under the bosonic sym- 



metries /)-///), typical of the approach of [p|-||10|, as well as under (modified) super- 
symmetry transformations. Our general recipe is that these modified transformations are 
obtained from the standard ones in a natural and universal way by simply replacing the 
(anti)-selfdual field strength tensors , which arise in the standard supersymmetry 
transformations of the fermions, with the special tensors . 

We treated in detail the case of a free tensor supermultiplet, pure N — 1 supergravity 
and N = 1 supergravity coupled with n tensor supermultiplets. More general models 
containing also hypermultiplets and vector multiplets have not been considered explicitly 
in this paper. The inclusion of an arbitrary number of hypermultiplets does not present 
any conceptual new difficulty; we did not consider them here only for the sake of simplicity. 

The same holds for the inclusion of Yang-Mills supermultiplets |27| a part from the 
following important observation. In this case, in fact, the tensor multiplets can be coupled 
to a certain number of Lie-algebra valued Yang-Mills fields with curvatures Fk = 
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dA k + A k A k} where k = 1, • • • , N Y m and iVy M is the number of factor gauge groups. The 
couplings are realized in a standard way by defining the generalized curvatures now as 

H 1 = dB 1 + C 1 + c{ u YM (A k ), (6.1) 

where duyMi^-h) — tr(F k F h ) defines the usual Chern-Simons three-forms, one for each 
factor group, and C 1 is given by C 1 in ( 5.22[) augmented by a term proportional to the 



gluino bi-linears, see e.g. 28fl . The c k form a constant matrix, which weighs the couplings 
of the various Chern-Simons terms to the tensor multiplets, and in fl6.1|) a sum over k is 
understood. The (self )-duality equations of motion for these H 1 are then again given by 

(CT , d5^op . 
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YM 



The appearance of the Chern-Simons terms leads then in the action So in Q5.28 ) to a 
contribution given by 

~^J VlJ dB I c J k uj YM (A k ) (6.2) 
which, in general, is not gauge invariant its variation leading to 

So = ~ / mAcitr(X l dA l )tr(F k F k ), (6.3) 

where the A' are the Yang-Mills transformation parameters. For cohomological reasons 
this would then imply that the action necessarily breaks also supersymmetry. 

To save gauge invariance, and also supersymmetry, one has to impose that the con- 
stants which weigh the various Chern-Simons terms in Q6.1|) have to be constrained by 

nucicf = 0. (6.4) 

If this relation is not satisfied one has a set of supersymmetric and gauge invariant equa- 
tions of motion which are non integrable, in the sense that they can not be deduced from 
an action. In such a situation conservation of energy-momentum and of the Yang-Mills 
currents is not guaranteed. In ref. f2M it was, indeed, found that the Yang-Mills currents 



are conserved if and only if the constraint ( |6.4j ) holds. It can also be seen that, if this 
constraint holds, then the Yang-Mills equation derived from our covariant Lagrangian 
coincides with the one given in |E8] upon fixing the symmetry III) according to h = 0. 



This situation is not new. It was, in particular, noticed in |23J] that in the case of ten- 
sor multiplets coupled in flat six-dimensional space-time to Yang-Mills supermultiplets 
through Chern-Simons terms one obtains a set of supersymmetric and gauge invariant 
equations of motion which do, however, not admit an action. This system represents, in 
some sense, a limiting case in which the supergravity multiplet decouples. In this "limit", 
however, the geometry of the n tensor multiplets becomes trivial and the constraint ( |6.4| ) 
would reduce to 5ucj.cf = 0, where now I, J = (1, • • • , n), whose unique solution is c k = 0. 
This means that the flat tensor- Yang-Mills system is consistent only in the absence of 
Chern-Simons couplings, i.e. when both systems are free, in which case the action be- 
comes simply a sum of n terms like the ones given in ( ^.2[ ) plus the free super- Yang-Mills 
action. 



16 



In the case when the supergravity multiplet is present the meaning of the constraint 
can be understood as follows. Its general solution is in fact 



Cfc = "fee 7 , 

where the are Nym arbitrary but non vanishing constants and c 1 is an SO(l,n) null 
vector, 

rjjjc 1 c J = 0. 

This means that there is, actually, a unique total Chern-Simons three-form appearing in 
the theory, given by 

Nym 

UYM = a k^YM(A k ), 
k=l 

and the generalized curvatures become then 

H 1 = dB 1 + C 1 + c t ujym- 

Choosing for c 1 a standard representative, for example c 1 = (1, 0, • • • , 0, 1), it is easily seen 
that there is only one two-form which carries a Chern-Simons correction, i.e. B° + B n , 
while all the others, i.e. B° — B n and B 1 with 1 < / < n — 1, are gauge invariant. In the 
case of one tensor multiplet (n — 1) this means that you can form a two-form with closed 
field strength and one whose curvature carries a Chern-Simons correction, the two field 



strengths being related on-shell by Hodge duality. It is indeed known, see e.g. pq],[p4 
that for n = 1 only under these circumstances you can construct a local, gauge invariant, 
and supersymmetric theory. 

If flOl) is not satisfied one can interpret SymSq as a " classical" gauge anomaly which, as 



observed above, would then also have a supersymmetric partner |29j . For an appropriate 
content of fields it can then happen that these "classical" anomalies are cancelled by 
the one loop quantum ABBJ anomalies through a generalized Green-Schwarz mechanism 



which invloves all the B 1 fields [p7 |, since ( |6.2| ) has precisely the structure of the Green- 



Schwarz counterterm. In this case, however, since supersymmetry and gauge invariance 
require also the inclusion of one-loop quantum corrections, it is no longer meaningful to 
search for a local invariant action (see also the discussion in[T 
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7 Appendix 

In this appendix we give some details on our notations and conventions and report the 
explicit expression for the four forms R 1 . 
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We write the six-dimensional symplectic Majorana-Weyl spinors as ip a i (left-handed) 
and ip ai (right-handed) where i = 1, 2 is an USp(l) index which can be raised and lowered 
with the invariant antisymmetric tensor 



3 ' 



(7.1) 



while a 



A is a chiral SO(l, 5) spinor index which cannot be raised or lowered. 



The symplectic Majorana-Weyl condition reads 

where the matrix O satisfies 

T = -0, 0* = 0, 2 = -l. 



(7.2) 



(7.3) 



The 4x4 matrices (r a ) Q/ g and (r a ) a/3 span a Weyl-algebra, (r( a ) Q/ g(rfc))^ 7 = rjabS^, and 
satisfy the hermiticity condition 

CT at O = T a . (7.4) 

Since our formalism is manifestly U Sp(l) invariant the relations ( [7.2| )-( [7~4]) need, however, 
never be used explicitly. 

The duality relations for the anti-symmetrized T-matrices is 

1 



(r 



a 1 ...a k )a/3 



-1 



,fc(A+l)/2_ 



>a(3 



(7.5) 



(6 - fe)! "° 6 

where no "77" appears since our T- matrices are 4x4 Weyl matrices. The cyclic identity 
reads 

(T a ) a(f3 (T a ) y)s = 0, (7.6) 
and another fundamental identity is 

(r a U(ry s = -AdjJly (7.7) 

The explicit expression for the four-forms R 1 = dC 1 , appearing in the variation ( |5.35| ), 



is 



R 1 



■e ttl e tt2 (eT a3 ei )^ 



+ 



a\a,2az 

3 



01 a 2p a 3 y T % + -e ai e a2 e a3 e l T A V—D 



Q3 1 



(7.8) 
(7.9) 



^ea 1 ... a6 e ai e 02 e a3 eT a405 A i2i V^ D -e^ _ I e ai e a2 e a3 (eT ai fc A^)^ 2a3 (7.10) 

4<3 — o 



_l if™ 1 2 P a v a2 p a3 p a4 D A 



L 7 + 



+ 



+ 2e ai e a2 e a3 Vf^A aia2a3 
where A afec = -^A^(r afec )Af . 



(7.11) 

(7.12) 
(7.13) 
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